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Abstract
In this paper, in the setting of sequential spaces, we consider the value functions vS and vI defined
by vS(x) = supy∈K(x) f (x, y) and vI (x) = infy∈K(x) f (x, y), and we introduce sufficient condi-
tions on the value functions and on the data, weaker than upper semicontinuity, which guarantee the
existence of maximum for such functions. Various examples illustrate the results and the connections
with previous results.
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1. Introduction
Let f be an extended real valued function on X×Y , where X and Y are two topological
spaces, and let K be a set-valued function with non-empty values from X to Y . In light
of the Berge maximum theorem [5, p. 122] (see also [1]), the upper semicontinuity of the
function f plays a central role for the upper semicontinuity of the value functions vS and
vI defined by
vS(x) = sup
y∈K(x)
f (x, y) (1)
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vI (x) = inf
y∈K(x)f (x, y). (2)
More recently, weaker sufficient conditions on the function f have been given for the
upper semicontinuity (respectively sequentially upper semicontinuity) of the function vI
in topological spaces (respectively in sequential spaces). See, among the others, Aubin [1],
Bank et al. [3], Lignola and Morgan [8,9]. With the help of the Weierstrass theorem, applied
to the function vS and vI , respectively, the above results have permitted to obtain existence
results for the following so-called MaxSup and MaxInf problems:
MaxSup:
{
find x0 ∈ X such that
vS(x0) = maxx∈X vS(x)
and
MaxInf:
{
find x0 ∈ X such that
vI (x0) = maxx∈X vI (x).
In this paper, a condition weaker than upper semicontinuity, called sequentially (in short
seq.) upper quasicontinuity, is used in order to obtain new existence results for the MaxSup
and the MaxInf problems in sequential spaces. Among the others, it is shown that seq.
quasicontinuity cannot be later weakened using the minimal condition for existence of
maximum points and that, if f is seq. upper quasicontinuous, then the value functions vS
and vI are seq. upper quasicontinuous.
Applications of the results to optimization problems with non-upper semicontinuous
payoff functions and equilibrium conditions as constraints (see, among the others, Basar
and Olsder [4], Lignola and Morgan [10–12], Luo et al. [13]), will be investigated in a
separate paper.
The outline of the paper, all in the setting of sequential spaces, is as follows. In Sec-
tion 2, we present an improvement of the Weierstrass theorem and its connections with the
previous results of minimal character. In Section 3, we introduce the classes of seq. upper
and lower quasicontinuous functions, together with some sufficient condition. In Section 4
(respectively Section 5) we investigate the seq. upper quasicontinuity of the value func-
tion vS (respectively the value function vI ) and the existence of solutions to the MaxSup
problem (respectively the MaxInf problem).
Note that seq. lower quasicontinuity of the value functions vS and vI and existence of
solutions to the MinSup and MinInf problems could be easily obtained using the opposite
functions.
2. Existence of maximum points in sequential spaces
First, we recall some definitions in sequential convergence spaces or in sequential
setting (see, for example, Kuratowski [7], Lignola and Morgan [9], Aubin and Fran-
kowska [2]).
Let Z be a non-empty set and τ be a subset of ZN×Z, where N is the set of the integers.
The subset τ is a structure of convergence on Z if the following conditions are satisfied:
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we have ((xn)n, x) ∈ τ ;
(b) if ((xn)n, x) ∈ τ and if (xnk )k is a subsequence of (xn)n, then we have ((xnk )k, x) ∈ τ ;
(c) if ((xn)n, x) /∈ τ , then there exists a strictly increasing sequence of integers (nk)k such
that for each subsequence (nkm)m we have ((xnkm ), x) /∈ τ .
The pair (Z, τ ) is termed convergence sequential space (or, in short, sequential space).
A sequence (zn)n ⊆ Z is termed converging to z (in short, zn → z) in Z if ((zn)n, z) ∈ τ .
A subset U ⊆ Z is sequentially compact if and only if any sequence (zn)n of points of
U has a subsequence converging to a point of U .
Let (Z, τ ) be a sequential space and h be an extended real valued function defined on Z.
The function h is said to be seq. upper semicontinuous at z0 ∈ Z if
lim sup
n→∞
h(zn) h(z0) for all sequence zn → z0 in Z.
A set-valued function K from X to Y , where X and Y are two sequential spaces, is
• seq. lower semicontinuous at a point x0 ∈ X if and only if for any xn → x0 in X and
for any y0 ∈ K(x0), there exists a sequence (yn)n converging to y0 in Y such that
yn ∈ K(xn) for n sufficiently large;
• seq. closed at a point x0 ∈ X if and only if for any xn → x0 in X and for any yn → y0
in Y , with yn ∈ K(xn) for n sufficiently large, we have y0 ∈ K(x0);
• seq. subcontinuous at a point x0 ∈ X if and only if for any xn → x0 in X and for any se-
quence (yn)n in Y , with yn ∈ K(xn) for n sufficiently large, there exists a subsequence
of (yn)n converging to a point of Y .
Now, in order to characterize the existence of maximum points for extended real valued
functions defined on sequential spaces, we introduce a suitable class of functions.
Definition 2.1. Let (Z, τ ) be a sequential space and h be an extended real valued function
defined on Z. The function h is said to be seq. transfer weakly upper continuous at z0 ∈ Z
if and only if for any z ∈ Z with h(z0) < h(z), there exists z′ ∈ Z such that
lim sup
n→∞
h(zn) h(z′) for all sequence (zn)n converging to z0 in Z.
The function h is said to be seq. transfer weakly upper continuous on Z if and only if it is
seq. transfer weakly upper continuous at every point of Z.
Remark 2.1. Obviously, any function seq. upper semicontinuous is seq. transfer weakly
upper continuous. Moreover, as it will be shown in Proposition 2.1, when Z is a topological
space which satisfies the first axiom of countability, the class of the functions seq. trans-
fer weakly upper continuous coincides with the class of functions transfer weakly upper
continuous (see Tian and Zhou [15]). Let us note that this is not always true if Z does not
satisfy the first axiom of countability. In fact, let Z = ]0,1[ and τ be the topology such that
A ⊆ ]0,1[ is open if and only if ]0,1[ \ A = {x ∈ ]0,1[ /x /∈ A} is finite or countable. One
can easily verify that any extended real valued function is seq. continuous in (]0,1[, τ ) but
the identity function is not transfer weakly upper continuous in (]0,1[, τ ).
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tion defined on Z. If h is a transfer weakly upper continuous function on Z, then h is
seq. transfer weakly upper continuous on Z. Moreover, if (Z, τ ) satisfies the first axiom of
countability, then the converse is also true.
Proof. The first statement is obvious. Assume now that
• h is seq. transfer weakly upper continuous on Z;
• h is not transfer weakly upper continuous on Z;
• τ satisfies the first axiom of countability.
Let z0 ∈ Z and z1 ∈ Z be such that h(z0) < h(z1) and such that, for any z ∈ Z and for any
neighborhood I of z0, there exists zI ∈ I such that h(z) < h(zI ). Then
• there exists z′ ∈ Z such that lim supn→∞ h(zn) h(z′) for all sequence (zn)n converg-
ing to z0;
• the function h has not maximum points (in fact, it is easy to prove that if h has a
maximum point then it is transfer weakly upper continuous; see [15]);
• there exists a countable local base (In)n of z0 decreasing with respect to the inclusion.
Therefore, there exists z′′ ∈ Z such that h(z′) < h(z′′) and for any n ∈N, there exists z¯n ∈
In such that h(z′′) < h(z¯n) and h(z′) < h(z′′)  lim supn→∞ h(z¯n). Since the sequence
(z¯n)n converges to z0, we get a contradiction. 
Finally, let us give a generalization of the Weierstrass theorem in sequential spaces by
relaxing the seq. upper semicontinuity of the objective function.
Theorem 2.1. Let (Z, τ ) be a sequential space and let h be an extended real valued func-
tion defined on Z. The following statements hold:
(i) If h is seq. transfer weakly upper continuous on Z and Z is seq. compact, then h has
at least a maximum point on Z.
(ii) If h has at least a maximum point on Z, then h is seq. transfer weakly upper continuous
on Z.
Proof. First, let us show the statement (i). Assume that h does not have a maximum point.
If α = supz∈Z h(z) < ∞, there exists a maximizing sequence (zn)n such that α −1/n <
h(zn) for all n ∈N. Being Z seq. compact, there exists a subsequence (znk )k converging in
Z to a point z0. Since the function h does not have maximum points, there exists z ∈ Z such
that h(z0) < h(z). The function h is seq. transfer weakly upper continuous at z0, therefore
there exists z′ ∈ Z such that α = lim supk→∞ h(xnk ) h(z′), and we get a contradiction,
since z′ become a maximum point.
If α = ∞, the same arguments can be used with the maximizing sequence (zn)n such
that h(zn) n for all n.
The statement (ii) is obvious. 
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Having in mind to obtain new sufficient conditions for existence of solutions to the
MaxSup and MaxInf problems, first we recall these problems.
Let X and Y be two sequential spaces, f be an extended real valued function defined
on X × Y and K be a set-valued function from X to Y with non-empty values. Then
MaxSup:
{
find x0 ∈ X such that
vS(x0) = maxx∈X vS(x)
and
MaxInf:
{
find x0 ∈ X such that
vI (x0) = maxx∈X vI (x),
where the function vS (called sup-value function) and vI (called inf-value function) are
defined by (1) and (2), respectively.
First of all, we note that, even if the seq. transfer weakly upper continuity is the minimal
condition for existence of maximum point on a seq. compact set, it is not sufficient to
guarantee the existence of solutions to MaxSup and MaxInf problems as shown by the
following examples.
Example 3.1. Let f : [0,1] × [0,1] →R defined by
f (x, y) =
{ 1
2 (x + y) if (x, y) ∈ [0,1[ × [0,1],
x − y if (x, y) ∈ {1} × [0,1],
and K : [0,1] → 2[0,1] defined by
K(x) = [x,1] for all x ∈ [0,1].
The function f is transfer weakly upper continuous on [0,1] × [0,1] but the sup-value
function vS does not have a maximum on [0,1]. Then, the corresponding MaxSup problem
does not have solutions.
Example 3.2. Let f : [0,1]× [0,1] →R be the transfer weakly upper continuous function
considered in Example 3.1 and K(x) = [0,1] for all x ∈ [0,1]. The inf-value function vI
does not have a maximum on [0,1]. Then, the corresponding MaxInf problem does not
have solutions.
Now, let us introduce the following class of functions.
Definition 3.1. Let (Z, τ ) be a sequential space and h be an extended real valued function
defined on Z. The function h is said to be seq. upper quasicontinuous at z0 ∈ Z if and only
if for any z ∈ Z such that h(z0) < h(z), we have
lim sup
n→∞
h(zn) h(z) for all sequences (zn)n converging to z0 in Z.
The function h is said to be seq. upper quasicontinuous on Z if and only if it is seq. upper
quasicontinuous at every point of Z.
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upper quasicontinuous at z0 and f is said to be seq. lower quasicontinuous on Z if and
only if −f is seq. upper quasicontinuous on Z.
Furthermore, a function is said to be seq. quasicontinuous if it is both seq. upper and
lower quasicontinuous.
Remark 3.1. It is obvious that any seq. upper semicontinuous function is also seq. up-
per quasicontinuous and that any seq. upper quasicontinuous function is also seq. transfer
weakly upper continuous. Moreover, when (Z, τ ) is a topological space, any weakly lower
continuous function in the sense of Campbell and Walker [6] is seq. upper quasicontin-
uous. The example given in Remark 2.1 shows that, generally, the class of seq. upper
quasicontinuous functions and the class of weakly lower continuous functions in the sense
of Campbell and Walker do not coincide.
By Theorem 2.1 we have
Corollary 3.1. Let (Z, τ ) be a sequential space and h be an extended real valued function
defined on Z. If h is seq. upper quasicontinuous on Z and Z is seq. compact, then h admits
at least a maximum point on Z.
The next proposition gives sufficient conditions for seq. quasicontinuity of a function.
Proposition 3.1. Let h be an extended real valued function defined onRk and C be a convex
and pointed cone in Rk with apex at the origin and non-empty interior. If h is monotone
with respect to C , that is
y ∈ x + int(C) ⇔ h(x) h(y) (increasing function)
or
y ∈ x + int(C) ⇔ h(x) h(y) (decreasing function),
then h is seq. quasicontinuous on Rk .
Proof. Assume that h is increasing. Let z0 and z1 be such that h(z0) < h(z1) and zn → z0.
Since h is increasing, z1 ∈ z0 + int(C). Moreover there exists an open neighborhood I of
z0 such that z1 ∈ z + int(C) for all z ∈ I . Consequently, h(zn)  h(z1) for n sufficiently
large. So lim supn→∞ h(zn) h(z1) and h is seq. upper quasicontinuous.
Similarly, one can prove that h is seq. lower quasicontinuous. 
4. Sup-value function and MaxSup problems
In this section, we present sufficient conditions of minimal character on the data
(X,Y,K,f ), first for the seq. upper quasicontinuity of the sup-value function vS defined
by (1) and second for the existence of solutions to the MaxSup problem.
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quasicontinuous on X × Y , then vS is seq. upper quasicontinuous on X.
Proof. We assume that vS(x0) < vS(x) and lim supn→∞ vS(xn) > vS(x) for some se-
quence (xn)n converging to x0. Taken ε > 0 such that lim supn→∞ vS(xn) > vS(x) +
ε > vS(x), there exists a subsequence (xnk )k of (xn)n and a sequence (yk)k such that
vS(x) + ε < f (xnk , yk) and yk ∈ K(xnk ) for all k. Since K is seq. subcontinuous and
seq. closed at x0, we have that there exists a subsequence (yki )i of (yk)k that converges to
a point y0 ∈ K(x0) and we obtain
vS(x) + ε  lim sup
i→∞
f (xnki
, yki ). (3)
On the other hand, y0 ∈ K(x0) and vS(x0) < vS(x) imply that there exists yˆ ∈ K(x) such
that f (x0, y0) < f (x, yˆ). By seq. upper quasicontinuity of the function f at (x0, y0), we
have
lim sup
i→∞
f (xnki
, yki ) f (x, yˆ). (4)
Combining (3) and (4) we obtain
lim sup
i→∞
f (xnki , yki ) < vS(x)+ ε  lim sup
i→∞
f (xnki , yki )
and we get a contradiction. 
Proposition 4.2. If K is seq. closed and seq. subcontinuous on X and f satisfies the
following condition CS :{
f (x0, y0) < f (x, y),
y0 ∈ K(x0), y ∈ K(x),
(xn, yn) → (x0, y0)
⇒
{∃(y ′n)n ⊆ K(x) and n0 ∈N such that
f (xn, yn) f (x, y ′n) ∀n n0,
then vS is seq. upper quasicontinuous on X.
Proof. We assume that vS(x0) < vS(x) and lim supn→∞ vS(xn) > vS(x) for some se-
quence (xn)n converging to x0. Then there exists a subsequence (xnk )k of (xn)n such that
vS(x) < vS(xnk ) for all k. Therefore there exists a sequence (yk)k such that, for all k,
yk ∈ K(xnk ) and
f (x, y) < f (xnk , yk) for all y ∈ K(x). (5)
Since K is seq. subcontinuous at x0, there exists a subsequence (yki )i of (yk)k which
converges to a point y0 ∈ Y . Being K seq. closed at x0 we have y0 ∈ K(x0) and, since
vS(x0) < vS(x), f (x0, y0) < f (x, y ′) for some y ′ ∈ K(x). By condition CS , there exists a
sequence (y ′i )i in K(x) such that
f (xnki , yki ) f (x, y
′
i) for i sufficiently large. (6)
Combining (5) and (6), we get a contradiction. 
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which satisfy condition CS are not the same, as shown in Examples 4.1 and 4.2. Moreover,
Example 4.2 shows also that the class of functions for which the condition CS holds does
not coincide with the class of seq. transfer weakly upper continuous functions.
Example 4.1. Let f : [0,1] × [0,2] →R defined by
f (x, y) =


0 if (x, y) ∈ [0,1]2,
1 if x ∈ [0,1] and y ∈ ]1,2] ∩Q,
y if x ∈ [0,1] and y ∈ ]1,2] ∩ (R \Q),
where Q denotes the set of all rational numbers and let K(x) = [2x,2] for all x ∈ [0,1]
(note that the set-valued function K satisfies the assumptions of previous Propositions 4.1
and 4.2). The function f is seq. upper quasicontinuous but it does not satisfy condition
CS for (x0, y0) = (0,1), (x, y) = (1,2) and (xn, yn) → (0,1) with (yn)n ⊆ R \ Q and
yn → 1+.
Example 4.2. Let f : [0,2] × [0,1] →R defined by
f (x, y) =


1 if (x, y) ∈ [0,2] × {0},
2 − y if (x, y) ∈ [0,2] × ]0, 12],
1 − xy if (x, y) ∈ [0,2] × ]12 ,1],
and K(x) = [0,1] for all x ∈ [0,2]. Then f satisfies condition CS but it is not seq. transfer
weakly upper continuous on [0,2] × [0,1] and so it is not seq. upper quasicontinuous
either.
In light of Propositions 4.1 and 4.2, upper quasicontinuity and condition CS are sufficient
conditions for existence of solutions to MaxSup problems. In fact, we have
Proposition 4.3. If K is seq. closed and seq. subcontinuous on a seq. compact subset X
and f is seq. upper quasicontinuous, then the MaxSup problem has at least a solution.
Proof. It is sufficient to apply Proposition 4.1 and Corollary 3.1. 
Proposition 4.4. If K is seq. closed and seq. subcontinuous on a seq. compact subset X
and f satisfies the condition CS , then the MaxSup problem has at least a solution.
Proof. It is sufficient to apply Proposition 4.2 and Corollary 3.1. 
5. Inf-value function and MaxInf problems
In this section, we present sufficient conditions of minimal character on the data
(X,Y,K,f ) for the seq. upper quasicontinuity of the inf-value function vI defined by
(2) and for the existence of solutions to the MaxInf problem. First, we consider a generic
set-valued function K and we show that the seq. upper quasicontinuity of f implies the
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Then, we improve the previous result when K(x) = Y for any x ∈ X.
First, we consider the general case where the constraints are defined by a generic set-
valued function K .
Proposition 5.1. Assume that f is seq. upper quasicontinuous on X × Y and K is seq.
lower semicontinuous on X. Then, the inf-value function vI is seq. upper quasicontinuous
on X.
Proof. Let x0 and x in X such that vI (x0) < vI (x) and xn → x0. There exists y0 ∈ K(x0)
such that f (x0, y0) < f (x, y) for any y ∈ K(x). Since K is seq. lower semicontinuous
at x0, there exists a sequence (yn)n converging to y0 with yn ∈ K(xn) for n sufficiently
large. Being f seq. upper quasicontinuous at (x0, y0), we have lim supn→∞ f (xn, yn) 
f (x, y). Therefore, lim supn→∞ vI (xn)  f (x, y) for any y ∈ K(x) and the thesis fol-
lows. 
Remark 5.1. In Lignola and Morgan [9, Proposition 3.2.1] the seq. upper semicontinuity of
the inf-value function vI is guaranteed if the function f is assumed to satisfy the following
property, weaker than the seq. upper semicontinuity:
(A1):
{
for any y ∈ K(x0) and for any xn → x0 there exists yn → y such that
lim supn→∞ f (xn, yn) f (x0, y).
This condition is not connected with the seq. upper quasicontinuity, as shown by the next
example.
Example 5.1. Let f : [0,1] × [0,1] →R defined by
f (x, y) =
{2(1 − x) if (x, y) ∈ [0,1[ × [0,1/2],
2y(1 − x) if (x, y) ∈ [0,1[ × ]1/2,1],
−1 if (x, y) ∈ {1} × [0,1],
and K(x) = [0,1] for any x ∈ [0,1]. The assumptions of Proposition 5.1 are satisfied
but the inf-valued function vI is not seq. upper semicontinuous, so condition (A1) is not
verified.
Concerning existence of solutions to the MaxInf problem, one has
Proposition 5.2. Assume that f is seq. upper quasicontinuous on X × Y and K is seq.
lower semicontinuous on X seq. compact, then the MaxInf problem has at least a solution.
Proof. It is sufficient to apply Proposition 5.1 and Corollary 3.1. 
Let us note that Proposition 5.2 improves [14, Theorem 4.1], obtained using an other
class of functions, called sequentially pseudocontinuous functions, strictly included in the
class of sequentially quasicontinuous functions.
Now, we consider the particular case where K(x) = Y for any x ∈ X.
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f (x0, y0) < f (x, y),
xn → x0 ⇒
{∃(y¯n)n ⊆ Y such that
lim supn→∞ f (xn, y¯n) f (x, y),
then vI is seq. upper quasicontinuous on X.
Proof. Let x0 and x be two elements of X such that vI (x0) < vI (x) and (xn)n be
a sequence converging to x0. There exists y0 ∈ Y such that f (x0, y0) < f (x, y) for
all y ∈ Y . Let y ∈ Y . In light of CI , there exists a sequence (y¯n) in Y such that
lim supn→∞ f (xn, y¯n)  f (x, y). So lim supn→∞ vI (xn)  f (x, y) for all y ∈ Y and the
thesis follows. 
Remark 5.2. A characterization of the seq. upper semicontinuity of the inf-value func-
tion vI have been given in Lignola and Morgan [9, Proposition 3.1.1]: vI is seq. upper
semicontinuous at x0 if and only if
(A2):
{
for any y ∈ Y and for any xn → x0 there exists (y¯n)n in Y such that
lim supn→∞ f (xn, y¯n) f (x0, y)
Let us note that condition (A2) implies condition CI but the converse is not true, as shown
by the following example.
Example 5.2. Let f : [0,2] × [0,1] →R defined by
f (x, y) =
{
y − x if (x, y) ∈ [0,1[ × [0,1],
xy − 3 if (x, y) ∈ [1,2] × [0,1].
Then the function f verifies CI but not the condition (A2).
Finally, to conclude the section, one can apply Proposition 5.3 and Corollary 3.1 in
order to obtain an other existence result for the solutions to the MaxInf problem:
Proposition 5.4. If f satisfies condition CI , X is seq. compact and K(x) = Y for all x ∈ X,
then the MaxInf problem has at least a solution.
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